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Definition
• Let        be a random variable with cumulative 

distribution function                            If F(x) is 

continuous, the r.v. is said to be continuous. Let 

f(x) = F’(x) when the derivative is defined. If 

, then f(x) is called the pdf for     .

The set where f(x) > 0 is called the support set 

of     .  
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Definition
• The different entropy         of a continuous r.v. 

with a density function f(x) is defined as 

(1)

where S is the support of the r.v.

• Since          depends only on f(x), sometimes the 

differential entropy is written as          rather then

.   
( )fh

( )Xh X

( ) ( ) ( )dxxfxfXh
s∫−=  log

( )Xh

( )Xh



4

EX.1: (Uniform distribution)

Note: For a<1, log a < 0, and 

However,                              is the volume of the 

support set, which is always non-negative.

( )

( ) adx
aa

Xh

xf

a

a

log1log1
otherwise   ,0

ax0    ,

0

1

=−=

⎩
⎨
⎧ <≤

=

∫
( ) .0log <= aXh

( ) aaXh == log22



5

Ex. 2: (Normal distribution)
• Let                                        , then
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Changing the base of the logarithm, we have 
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Theorem 1
• Let                            be a sequence of rv’s drawn 

i.i.d. according to the density f(x). Then

proof: The proof follows directly from the weak 

law of the large numbers.
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• Def: For ε>0 and any n, we define the typical set       

w.r.t. f(x) as follows:
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• Def: The volume Vol(A) of a set A∈Rn is defined as

• Thm: The typical set       has the following 

properties:
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• Thm: The Set        is the smallest volume set with 
probability ≥ 1-∈, to the first order in the exponent.
⇒ The volume of the smallest set that contains most of 
the Prob. Is approximately 2nh. This is an n-D volume, so 
the corresponding side length is (2nh)1/n=2h.
⇒ The differential entropy is the logarithm of the 
equivalent side length of the smallest set that contains 
most of the Prob.
⇒ low entropy implies that the rv is confined to a small 
effective volume and high entropy indicates that the rv is 
widely dispersed.
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Relation of Differential Entropy to Discrete Entropy

S’pose we divide the range of     into bins 

of length Δ. Let’s assume that the density 

is continuous within the bins.

Quantization of a continuous rv x

f(x) Δ

X
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By the mean value theorem, there is a value  

within each bin such that

Consider the quantized rv      , which is defined by 

Then the prob. that              is 
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The entropy of the quantized version is

Since 
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If f(x)logf(x) is Riemann integrable, then

This proves the following

Thm: If the density f(x) of the rv is Riemann 
integrable, then 

Thus the entropy of an n-bit quantization of a 
continuous rv is approximately  
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Joint and Conditional Differential Entropy:
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Theorem (Entropy of a multivariate normal distribution)
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Relative Entropy and Mutual Information
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Remark: 

The mutual information between two continuous r.v’s is the limit of 

the mutual information between their quantized versions.
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Properties of
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Theorem : The multivariate normal distribution                  
maximizes the entropy over all distributions     
with the same variance.
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